WAVE MOTIONS PRODUCED IN A STRATIFIED LIQUID FROM FLOW
PAST A SUBMERGED BODY

I. V. Sturova UDC 532.593

The integral-transform method is used to solve the linearized two- and three-
dimensional problems of the wave motions produced by the flow of a density-
stratified liquid past a submerged source and sink of equal intensity.

The method of [1, 2] can be used to study the problem of wave flows caused by a source
and sink of equal intensity m submerged below a free surface in the uniform flow of a
heavy liquid of infinite depth. The liquid is assumed to be nonviscous and incompressible
and to be stratified exponentially in density. The x and z axes lie in the unperturbed
free surface and are chosen so that the direction of the liquid velocity vector well up-
stream coincides with the x axis, and the y axis is directed vertically upwards. In the
unperturbed state the density of the liquid varies with depth in a known way:

Po =po(0) exp (—y/L), y<O0 (1)

We consider the two-dimensional (source and sink are linear and parallel to the z axis),
and the three—-dimensional cases (point source and sink).

The straight-line segment joining the source and sink is parallel to the x axis,
lies at a depth 'h below the free surface, and has a length 2a. The y axis passes through
the center of this segment.

It is well known (see, for example, [3]) that the unbounded flow of a uniform liquid
past such a source—sink combination is equivalent to flow past a closed symmetric oval in
the two-dimensional case and an axially symmetric oval in the three-dimensional case. We
assume that to a first approximation this result also holds for our problem, providing
that the depth h is sufficiently great and that the stratification is weak.

If we are given the maximum half-width of the body R, its elongation d, and the main
flow velocity U, we can find the values of o = ¢/R in the two cases by solving the equa-
tions _

a? 4 a/arctga =d?, m =xn UR/ arctg a
(@ —a)=dVa+1, m=aURVa+1/a

The problem is a stationary one, but for the reasons given in [1] it is necessary to
treat it as nonstationary and to use initial conditions. It is therefore assumed that the
source and sink begin to act simultaneously at t = 0 and that their intensity remains con-
stant for t > 0. The solution of this nonstationary problem goes over to the solution of
the original stationary problem in the limit t - «, There is as yet no rigorous mathemati-
cal proof of this fact for the present problem, and the statement is made here from physi-
cal considerations.

The equations of motion for a spatial (three-dimensional) flow are

du/ 0z 4 dv /oy + 0w/ 9z =mH () 18 (z + a) — 6 (z — Q)18(§ + &) 6 (2)
“du’ 1 dp dv 1 ap I
T e @ ey ¢ (2)
dw 1 ap dp d __ o | & K2 K2
7 P =0 =g tug vty
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Here u, v, W, are the components of the velocity vector in the direction of the x, vy,
and z axes, respectively, p is the density, p is the pressure, g is the acceleration due
to gravity, § is the Dirac delta function, and H(t) is the Heaviside function

0,t<C0
H<t)={i,t>0

At the free surface

Fo(%y’zet)?—y—-ﬂo(xaz,t)=0 (3)
dFO/dt=0, dpldt=0

It is assumed that

u~>U, v>0, w0, p—>py, p—>py 22+ ¥+ 22> 00
y (4)
Po=—g\po(v)dy
0
The initial conditions are
 u=U,v=0,w=0,p =pp P =P t 0
and the time derivatives of u, v, w, p, and p are also equal to zero.

Putting
u=U+u,v=v,w=w,0 =0,y + PP =P () + 11

and assuming that the perturbations caused by the singularities are small, we can linearize
(2) and (3) and reduce them to a single equation for the function v,

1 a% 0% bi)
D*Mv+ (¢ (5 + 5r) ~ D] = mDH ()
X Bz +a)—8 (z — )] () [6'(y+h)——-6(y+h>] (5)
with the boundary condition
v G20 - a2
D2—37 (612+ dz2)=0’ y:O

p=b4vl, s=fi i

(6)
. 022
On an equal-density surface defined by the function
F:(x, V.50 =y—mlz,z 8 =0

which consists of particles of density 0o(y), and in the absence of singularities repre-
sents the plane y = y, we have the condition

--dF/dt=0!F(xvy’z’ t)=0
which after linearization becomes
Dy =v,y =7 (7

The above equations and transformations are also valid for plane (two-dimensional)
flow if we put w = 0 on the right sides of (2) and (5), remove the factor §(z), and re-
member that all functions are independent of z. It is also assumed that the required
functions in the boundary condition (4) are bounded as x - =.

We introduce the dimensionless variables

(Z Y020 b, n.,a)=—1-(x y.z2,hn,a), v, =vU, t = Ut/L (8)

*

where Q. = m/UL® in the three-dimensional case, and Q. = m/UL in the two-dimensional case.
In these variables (5) and (6) become (we drop the asterisk subscript)

D (v ;—%’-)+x(_§%’;—+_§7§) =Q D?H (t) x

X[8(x+a)—8(x—a)ld(z)[8'(y +h) — 8y + h)]
[} 2 g2

BN R

A=gL/U* D=0d/0dzx+ 0/dt
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Using the Fourier and Laplace transformations

oo

f(p" Y, v S) = S B-Stdt S g—‘i.,}-"xdx S e~y (&7, Y, 2, t) dz
0 —o0

——l

for real p, v and Res > 0 (for the plane case there is no Fourier transformation over z)
and introducing the function

f=0@/h—1)6 ‘ 9

we obtain the normal differential equa%ion
6" — 6 — (K — M) 6 = Zsin(ua) 6 (v + b) - @
with tbe boundary conditions
G —MG =0,y =0;G>0, y>— oo an
B =v2 4 p2 A = — A2/ (s + ip)?
The solution of (10) is
6 = — ——sin (ua) exp [(y + h)/2]
o ) (12)

foxp(— 1y + B[ M) — 23t exp @y — WM} mys =" £ M, M = (8 — by +1

‘ The function M has four branch points (k;, ka, ks, k) in the complex k plane. For
small positive s

is

- ths :
kl,,=ib+m+0($z): ks,4=m
_b=V)\,/sin’6-—-1/4, p,:ksine, v =FKkcos@

+ 0@
(13)

We note that for conditions corresponding to the real ocean it is only values X > 1
which are of practical interest. The cuts between the branch points are made as follows:
between k; and k, in the upper half-plane and along the imaginary axis from k, upwards and
from k., downwards.

Knowing G, we can find from (7) and (9) the functioun £ — the Fourier and Laplace
image for the function n,

N N

= o) oxp (g + 2] {oxp (— 17+ ol ) [ + M sign (7 + 1)) —my T3 exp (g —B) MI} (14)

In addition to the four branch points of M, the function & has for A > '/, the two
simple poles

iz =4 A/ sin? 8+ 2is/sin 9 O (sH (15)
In the two—dimensional case it is necessary to put v = 0, and 8 = 7/2 in (10)-(15).

It is difficult to proceed with the analysis for both cases at once and so we first
consider the plane case (which is simpler).

Applying the inverse Fourier transformation and the limiting theotem for the Laplace
transform we obtain

‘ 1 ¢, 1o € s
= e | == e i | d| 16
N = i § A limstin = R et s e

The last equation here follows from the symmetry of the branch points and the posi-
tion of the poles of the function £ relative to the imaginary axis and also from the fact
that £{(—u, s) is the complex conjugate of £(u, s) for real positive s.

Before writing out the final expression for n(x) we transform to the dimensionless
variables :
R

(X.Y,Q) = 4 @5, q=mUR, s=71,
A=gR/IU* P =Veh —et/4

="
B (an
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Here x, ¥, n, h are the original dimensioned variables. Carrying out the integrétion
in (16] (the contour is similar to that in [1, &4]), using the residue theorem and the Jor-
dan lemma, we obtain

Q=mn+n+mn;, X>0

Here

M (X, Y) = —brsin (AX) (A — ) exp[A (Y — H) + He]
’ sin (Aa)

T=0—5—

o A
is the residue at point p = A; this term describes waves with a period 2m/A caused by the

presence of the free surface. The term -

(X, Y) =~ ImS eHINZ (. B, Y) dk a9

L7
w=ik, B=iVk B
arises from the integration along the imaginary axis, is an even function of X, and is most
important in the neighborhood of the singularities. Finally, the term

B ’ .
WX, V)= S im\sin@X)Z (1, B,V dp, B—iVF— (20)
]

which arises from integration along the cut on the real axis u, describes internal waves
caused by the presence of the exponential stratification (ns; = 0 when € = 0). Here

Z(p.B,Y)= HLB sin (naty exp [(Y + H)e/2] x

% {exp(—|Y + H| B)[-§+ Bsign (¥ 4 H)] —

2+ B 2—B—A H
S S

From the continuity equation we can obtain the perturbation in longitudinal velocity

/U =4L+ 85+ X>0 (21)
u, /U0 =§, X<<0
Here
GX, YY) =—An (X,Y)
and the functions r.(X, Y) and z3(X, Y) are analogous to (19) and (20) with the kernel

Z(B,Y) =~ g sin (1) (G- + B) exp (¥ + H)es2] x

[ _ £__ p\_ (24 B)(e2—B—A). o }
X{exp[ |Y +H| Bl (5 — B) e exp(Y — H)B
We have investigated the cases d = 1, 5, and 10 and we give in Table 1 the correspond-
ing values of .a, q, and vy (the values of Y are given for A = 0.5). For d = 1 we have flow
past a circle of radius R, and the source and sink form a dipocle (the solution for a dipole
in the stream of a stratified liquid was derived in [4]).

It has been pointed out in [4] that surface waves are only important at comparatively
small submersions, and it .can be seen from Table 1 that the amplitude of these waves increas-
es only very slightly with the elongation of the body. In order to study the behavior of
the internal waves we have carried out a numerical integration of (18) and (21) on a computer
by the Simpson method for A = 0.5, H = 20, € = 5-107* (with these values of A and H the waves
caused by the presence of the free surface are negligibly small). 1In Figs. 1 and 2, curves
1-4 correspond to d = 10 and Y = 0, —16, —160, ~576 and curves 5 and 6, to Y = —576 and d =
1, 5. It is interesting to note that although the shape of the free surface changes little
in the presence of internal waves, the perturbations in the horizontal velocity on the free
surface are maximal. The internal waves are attenuated very slowly with depth in the two-
dimensional case. An increase in the elongation at constant R produces an almost proportion-
al increase in internal-wave amplitude but hardly affects the phase pattern.
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TABLE 1 We now turn to the three-dimensional problem. Going back to
(14) and applying the inverse Fourier transformations and the limit-

. ing theorem for the Laplace transform we obtain
@ q Y
. oo 00 o0 o0
i | _ 3,44 n(x, 2) = 4;2 S ettxdy, S evzdylim s§ = —[Beg eﬂ*xdpJS cos vzdv lim st
5 1465 2.3 3.38 - soF o o o
10 | 9.67] 2.14 | —4.25

The last equation here follows from the fact that the integrand
is an even function of £ and that §(—u, v, s) is the complex conju-
gate of E(u, v, s) for real positive s.

Making the change of variables

u="ksin@,v =kc.os9 (22)
L ==TC0S @, 2 =Tsing

and taking the limit, we obtain

w2 o :
n(r, 9) = —5=-exp[(H +1)/2] Re 3 5 D (k, B) [ethrsin@+s) |- gikrsing-9)] Jk
0 0 ’

(23)

: . . ' B)(Ya— B—X
© (k,6) = Snekding) {exp(—~ly+hlB)[-%-+Bs‘ign(gj-}-h)] (/2+1/2)+(/Bz Z=H) exp (7 — 1) B}

B=(k*—X+ ) A=DAr/sin?0

The contour of integration is similar to that in the plane case and is chosen in the
first or fourth quadrants of the k plane depending on the sign of sin (6 +¢) or sin (6 — @)
(Table 2).

We thus obtain the following integral representations for the equal-density surfaces:
a2
00, 9) = g exp [ +h)/21{5 Jysin (hr sin (9 + 9)) 0 +
/2 ﬂ

+ 3 Jy sin (Ar sin (8 — ¢)) 0 + 5 dﬂs g [~ 51 049) . gkr sin jo-ol| gk -
0

4
n/2 /2

b N
-4 Bdes-fssm(krsm(ﬂ—{-q)))dk +S SJ?,sin(krsin(O——cp))dk}_’ 02 (>0 )

<

n(r @) = — 5% exp (7 + w21 {{ /1 sin (hr sin 0 — 1)) d8 —
. o ) _

2 LY . )
—_ 5 do SJg [etr sin [0~} . g—kr sin 0+1)] df |-
0 0 .

Y b
+SdGSJg,sin(krsin(@——‘r))dk}, A2<oLn (®<0), r=n—¢
0 0 —
Here
Jy = 2% —sin (ak sin 6) (1 — 2k) exp [(y — B) (K — 72|
Ja= ih%f%’ﬁ—)-{——sm(ly +h|f)—1sign(y +h)cos [(y +5) fi+

—h —h
S okt — 3 4 T (- 1 ) S L i}

Sy - Sinleksing) {cos[(g;' + k)] + 2nsin [(F 4+ B)n] —

nsin @

(25)

— @ — S — e Ry 2 = (CEIOLI R Ay B W) sllg el [y —F) "1}

— k2
f=Vk2.+b2, n=l’b2—-k2, b=VA'—1/4
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TABLE 2
P 0<o<nf2 T2 QoL R
Quadrant 1 1v 1 v
ckrsin@4+e) 00 < nf2 — 0L < —P—p< o< /2
Rrsin@+9) 1o c9ca 08 — 0<0< /2

The single integrals with J, describe the waves caused by the presence of a free sur-
face; these waves have been studied for a dipole in a uniform liquid in [5]. The double inte-
grals with J, are even functions of x and decrease rapidly with increase in r. They describe
local effects in the neighborhood of the singularities. The double integrals with J,; repre-~
sent the internal waves caused by the presence of the density stratification.

The numerical evaluation of the integrals in (24) requires large amounts of computer
time and 'so we have only made a few calculations; in particular, for gh/U? = 5 we have de-
termined the shape of the free surface for a flow past a dipole of a uniform liquid and a
stratified liquid with h/L = 5.10~%, The results for the two cases agree to within the nu-
merical error (the relative accuracy of the numerical integration was 0.01), and the picture
obtained is the usual wake structure. Thus, as in the two-dimensional case, the presence of
weak stratification has very little effect on the shape of the free surface (see also [2, 6]).

The problem can be greatly simplified if we limit the study to a deeply submerged body
and weak stratification.
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In contrast to (1), we take the variation of density with depth to be
Po (¥) =po (— h) exp [— (y + k) [ LI

Since the preliminary calculations for the full problem (24) have shown that the terms
describing the internal waves have practically no effect on 'the shape of the free surface,
we can see from {(25) that for sufficiently deep submersion the terms characterizing the
surface waves will also be small, and so the free surface can be replaced by a rigid wall.

Repeating the above analysis in the dimensionless variables (8) we find that the solu-
tion of (10) with the boundary conditions (we omit the asterisk subscript)

. -0
o’
y—— oo
is , .
G = sf—” sin (ua).eW2 [el-h} M _ o~ly+hM)
Thus _

E— W(;%L)—Sin (ua) e+ /2 {[_;_ + M sign (j 4 k)] e-lvsni M+ mle@—h)M}

and in (23)

O (k,0) = 2L oxp (~ BIy + ) [5 + Bsign (G + 1) — (5-+ B) exp G — 1) B}

In the expression for n(r, ¥) we retain only the terms Whlch describe the internal waves,
since they are of most interest here:

10 ] [/
e =2 e(5+h>/2{SdBSJ sin (kr sin (0 + @) dk +
n/2 b ’ °
1 S dBSJsin(krsin(Bf q)))d_k}, >0
¢ q
9= —ew‘r“? SdﬁSJ sintersin{y —8)dk - =<0 (26)

sin (ak sin 0)

J=— _-f—sﬁe—{ 008 [(7 +#) /I + / sin [(7 + ) A1
—geos@—W A +fsinl@G—mN}, f=VE—R

We make the change of variables y' =y + h and assume that the depth of submersion
tends to infinity, so that in(26)

Fe sinf(aslic:gle) (—;—cos]‘y’—;—fsinfy') 27)

We now transform from the dimensionless variables (8) to new dimensionless variables
[see (17)] in terms of R:

— G +®/BRr =r/Rq=in|URY, gR UL =S, 28

e=R/L

Here<§, h, r = x/cos @ are the original dimensioned variables, and the parameter S is
inversely proportional to the Froude number. The integral expressions (26) now become [with
allowance for (27)]

75 /2

. B 3 B
A — 2 conin [\ a0\ T sin (brysin @+ ) 2+ \ a8{7sin gor, sin@—q)dk}, 23>0
0 0 *® [} '
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Fig. 4
z< 0

b

R A u:/2SdBS sin (kry sin (y — 8)) dk,
o
7= )

_sin {ak sin 6) sm 0

— [ > cos (ny;) -+ nsin (ny;)]

n=Vp—k, b=VS

For § >> ¢?, which corresponds to gL/U?

of practical interest — we can put

b=~V S§/sin0, J= — sin(aksin 0)sin (/S /sin? 0 — k?y,) / sin 9

Then in the variables

/ 2

sin® 8 — ¢/,

>> 1 — a condition which is satisfied in cases

P=rVS,Y=ypVS

we obtain the universal expressions

W(P,9,Y)=

|
RS Vart1

exp(—eY 2V 8) =

o Psin (8 g) dt +

+S deS T sin ( 2ot Psin(®—g)) ét} 2>0

W (P cp,Y):«i—idBS fsin(siii[}ll—;-Psin(y-——G))dt, 2L 0
)
J

o si'n'Zt'q. (cost y
- 25070 2 \Sino )

(29)
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TABLE 3
d « | Vet
3 \ 4.49 4.60
10 ]9 9.55

in which the right sides do not depead explic-
itlyonS. In the derivation of (29) we used
the approximation

sin (alfg sin?) =~ V'S sin ¢
which is valid for small values of a&/S.

A comparison of the solution for the full
problem (24) without allowance for the terms
which describe the local effects (open symbols)
and for the simplified model (29) (dark sym-
bols) is shown in Fig. 3 for a dipole with gR/
U? = 0.5, h/R = 20, ¢ = 5-107%, ¢ = 0, y/R =
—8 (curves 1, 4), —32 (curves 2, 5), and 56

(curves 3, 6). The phase patterns are identi-

cal for the two solutions, but the amplitudes
differ slightly, especially for small x. It
is interesting to note that the thickness of
the layer over which the internal waves are
developed is much greater in the three-dimen-
sional case.

Figure 4 shows the function W(P, @, Y)
for Y = 0.1; for x > 0 curves 1~5 correspond
top = 0, 0.5, 1, and 3.5° and for x < 0
curves 6, 7 correspond to y = 3 and 5°. It
can be seen that for x > 0 the function W is
nonzero only in a small neighborhood of @ = 0.
The effect of the body is also felt upstream,
though to a much smaller extent (Fig. 4 does
not show the x < 0 curves for which the maxi-
mum absolute value is less than 57 of the cor-
responding value for x > 0). The minimum value
of Y in our calculations was 0.005. For ¢ = 0
the function W oscillates with P; the amplitude
is proportional to l/V@; and the wavelength is
equal to about 2m. In dimensioned variables
this corresponds to 27UvL/g, which is usually
very large in comparison with the wavelength
of surface waves.

A rather similar conclusion was reached
in [7] which dealt with internal waves caused
by a moving source in a stratified liquid.
However, the statement that the wake possessed
axial symmetry is not confirmed by our result.

It is interesting to note that the numeri-
cal calculations indicate that to the accuracy
employed the function W obeys the relationship

W (P, B, pY) =BW (P, ¢, Y) (30)

where B is an arbitrary positive constant. By
making use of (30) we can comstruct, even with
a limited amount of data on W, a picture of the
wake development in the transverse plane x =
const behind the body. Using (30) and the

fact that the wake develops in the regiom of



small ¢ values, we find that for x = const »
W@BZ, pY) =p1W(Z,Y),Z =Psing

and it thus automatically follows that in the plane x = const the phase fronts are radial
straight lines passing through the point Y = 0, Z = 0. Figure 5 shows the results for all
the values of X = P cos ¢ studied and also depicts the isolines of the function W, = WY.
The dashed curves were drawn from the relationship

ZIY =V X Tanf =1

obtained from {8] for the positions of the crests and troughs in the wave field produced
from a point perturbation source in a two-dimensional problem for a linearly stratified
liquid (n = 1 for the first trough, n = 2 for the first crest, and so on).

An increase in the elongation of the body, as in the plane case, produces an increase
in the amplitude of the internal waves which is proportional to Vo + 1, approximately equal
to the elongation (Table 3).

The author is grateful to Yu. M. Lytkina for valuable discussions.
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